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Abstract

Nearly all senior undergraduate and graduate engineering students are required to take an
advanced engineering mathematics course in which they solve homogeneous partial differential
engineering equations (i.e., wave, heat and Laplace equations) using the separation of variables
technique. However, real-world applications and cutting edge research may lead to models
requiring complementary mathematical approaches such as the use of Green’s functions .
Therefore, it is necessary to introduce senior undergraduate and graduate student researchers
(learners) to this approach. Unfortunately, the literature describing this approach varies
significantly and does not contain an efficient pedagogical methodology for the students.
Furthermore, introducing this approach to students in a methodical, didactic manner remains a
challenge that has not been fully addressed in engineering education. Here we will present a
method that effectively outlines a process for engineering students to learn the Green’s function
method, building upon knowledge they have gained in mathematics, physics and engineering.
The heat equation with a source term will be used as a fundamental, illustrative example of this
approach.
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Motivation and Introduction

Due to the fast pace of computational research, many current, complex engineering
problems that require mathematical modeling can now be attacked to find a solution. However,
solutions to these problems often require very sophisticated, yet inefficient numerical schemes
that can take significant amounts of computational power and time. Formal solutions in terms of
integral equations whose kernel is based on the Green’s function, present an attractive approach
to solving some of these more complicated, yet fundamentally important engineering problems.
These approaches are often overlooked in favor of overly complex numerical simulations that
produce nice pictures, but do not necessarily capture all the trends in the behavior of the system.
Furthermore, these approaches are usually not transparent to students (learners). Thus, many
engineering undergraduate and graduate researchers are facing these challenging problems
without a toolkit that allows them to properly apply and build upon their knowledge to solve
these problems. In addition, most engineering graduate programs require students to take a
course in partial differential equations in which they (usually) study the three, fundamental
engineering partial differential equations (pde’s), the heat, wave and Laplace equations. The
method of separation of variables is taught in these courses in order to solve special cases of
these equations in which there are no source terms, either in the differential equation or in the
associated boundary conditions; thus the differential equation and the boundary conditions are
homogeneous, so that a Sturm-Liouville problem for the ordinary differential equation (ode) can
be solved resulting in the determination of eigenvalues and eigenfunctions *. However, many
current engineering problems involve non-homogenous cases of these equations and students are
often not exposed to another solution methodology to solve them analytically or semi
analytically. Therefore, here we introduce a systematic approach for senior undergraduate and
graduate engineering students to apply their knowledge of the separation of variables approach
and build on it in order to formulate integral equations that use the Green’s function as their
kernel. These Green’s functions can be readily identified as Fourier sums based on the Sturm-
Liouville problem of the differential problem .

While Green’s functions have been studied and applied extensively in every discipline of
engineering, their presentation is different in every venue, making it challenging for students
(novices) to educate themselves without the aid of an expert. Green’s functions are often
presented in abstract mathematical formulations, which are not helpful for most engineering
students who are interested in applied mathematics. It is our intention to provide students with a
guide, or roadmap to help them apply the Green’s function method to solve fundamental
engineering research problems. In a future, more in depth contribution, we plan to expand this
paper to specific, current biomedical research applications and examine modeling tumor cell
response to applied electrical fields.

In this contribution, we use a parabolic type of differential equation, i.e., the heat
equation with source terms (in its most general case) as an illustrative example . A visual
representation of this system is shown in Figure 1 consisting of a rectangular domain of length,
L | in which the temperature, T, at both ends is held at zero, while the initial temperature is

some function of the axial position, x, within the rod. First, we illustrate the solution of the
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homogeneous problem by using separation of variables in order to identify the Sturm-Liouville
problem; its solution leads to the eigenvalues and eigenfunctions®. Next, we build directly upon

T(x=0.1)=0

T(x=L1t)=0
y 74 N

- ¥
F ,, %

Figure 1: Illustration of system consisting of a long, thin rod held at temperatures of zero at both
ends.

this analysis to solve the heat equation with a source term (nonhomogeneous problem) by
inverting the differential problem into an integral form via the Green’s function approach. The
Green’s function, i.e., the kernel of the integral equation, is identified as a Fourier sum based on
the solution of the homogeneous problem. *

Physical Interpretation and Advantages of Green’s Function Approach

Green’s functions can be viewed, from a physical perspective, as a way to illustrate or
elucidate the influence of actions or forces on a particular system. For the example studied here,
the heat equation with a source term, the Green’s function demonstrates the influence of the
initial condition on the temperature profile in the rod (see, for example, °).

Coaching Point: Students might immediately ask something like, “Why is that so helpful? Why
would a numerical solution not give you the same result?” Here, the instructor can use this as a
learning opportunity to delineate the advantages of using Green’s functions to solve pde’s in
comparison to numerical solutions. For example, in numerical approaches, such as the finite
difference/element method, a grid must be constructed and the pde’s decomposed into algebraic
equations at every single node on the grid which can be an extremely time consuming process
and require substantial amounts of computational power. Using Green’s functions, this entire
process can be avoided and the solution can be obtained for every point in time and space
directly. Additionally, the Green’s function approach described here is very systematic and
leads to analytical (formal) solutions in terms of integral equations, which are more beneficial
and reliable than numerical solutions based on approaches such as finite difference and finite
elements.

The Homogeneous Problem: One Dimensional Heat Equation

The one dimensional (1-D) heat equation (1a) with homogeneous boundary conditions
and initial condition (1b) is often the first equation introduced to senior undergraduates/graduate
students in engineering during their first partial differential equations course,

® In the case of the heat equation, the solution of the Sturm-Liouville problem is analytically obtained. For other
cases, where the problem at hand is more complex, the final solution results in roots of the characteristic polynomial.
Therefore, a root finder is useful for this purpose.
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T(x,0)= f(x)

where T is temperature, ¢, time, o, thermal diffusivity, x, axial position and f(x) a function

describing the initial temperature distribution within the rod. Equation (1a) can be solved using
separation of variables approach (see Figure 3) to obtain the following Sturm-Liouville problemb

X"-A*X =0, (2a)
X(0)=0

, (2b)
X(L)=0

where X is the solution of the spatial problem arising from separation of variables and Ais the

eigenvalues. The eigenvalues can be determined by studying their three cases (A=0; A<0; A>0
) to find the one that does not lead to a nontrivial solution of equation (2a) when the boundary
conditions (2b) are applied. As shown in Figure 3 these eigenvalues are numbers at which the

: . (nmx). . : . .
function, SIH(T) is equal to zero. Thus, the associated eigenfunctions for this problem are,

X (x)= sin(%), n=1,23..., 3)

The temporal equation resulting from separation of variables is a linear, first order ordinary
differential equation with constant coefficients and a function for @ (¢)can be obtained,

0,(t)= ce™ 4)

b

where ¢ is a constant. Combining equations (3) and (4) one can arrive at the solution of the
homogeneous 1-D heat equation with homogeneous boundary conditions.

iTn(x,z) - iA,, exp(—xjt)sin(”Lﬂ) : (5)

where A, is the coefficient of the Fourier sine series given by,

A = %Z f(x)sin(%)dx . (6)

® Please note that this is for the case of Dirichlet boundary conditions.
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Building Upon the Homogeneous Problem: Introducing a Source Term
Now, adding a source term, Q(x,?)equation (1a) becomes nonhomogeneous, but with the

same boundary conditions and initial condition”. If these conditions are changed, it will lead to a
more complicated problem that requires additional terms in the integral-equation solution
methodology that is not the focus of the current contribution. This equation can be solved
analytically using Laplace transforms or, alternatively, an inversion-type of approach based on
Green’s functions. > We choose to focus on the latter here because of its wider applicability to a
larger variety of engineering problems. This approach builds directly upon the process outlined
in the homogeneous heat equation approach in the previous section. The eigenvalues and
eigenfunctions found in that problem are used here.

Nonhomoge-
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Figure 2: Overview of solution process applied to nonhomogeneous heat equation.

The overall process for using Green’s functions to solve this problem is outlined in
Figure 2. First, eigenfunctions expansion is used to express the general solution of the
nonhomogeneous problem, where the Fourier series coefficients are a function of the source
term. Next, the time derivative of this solution is taken and substituted into the nonhomogeneous
heat equation. This is a generalized Fourier sine series, so the term on the right hand side of the
equation can be expressed in terms of Fourier sine series.

The spatial term can be integrated by parts to obtain a linear, ordinary differential
equation for b, (¢) that can be solved using an integrating factor approach. Once these the

coefficient, b, (¢)is determined it can be substituted back into the equation and the Green’s
function can be identified.

¢ A more robust approach that is based on linear operator methods can also be used. However, we focus in this
contribution on an introductory course where elements of functional analysis may not be part of the students’
knowledge.
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Figure 3: Outline of mathematical process applied to nonhomogeneous heat equation.

aT O°T
at aa—+Q(x 1) (7)

Now, the method of eigenfunctions expansion can be employed,

T(x,1)= Y b,(1),(x), ®)

where b, (t) are coefficients of the Fourier series and ¢, (x) are the eigenfunctions of the

homogeneous problem. Taking the time derivative of the right hand side of equation (8) a
generalized Fourier series is obtained. Thus, by definition, this Fourier series can be expressed as
follows,

% { a%gi)n(x) dx+% { O(x, 0, (x)dx, )
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where all terms have been previously defined. Integrating the left hand side using integration by
parts (learned by students in calculus 2) and applying the homogeneous boundary conditions

when appropriate, this can be simplified to —aA’ . Thus, one can arrive at a linear, ordinary
differential equation with constant coefficients for b, (¢).

”Z’" +aA’b,(t)=q, (1), (10)
1

L
where ¢q (1) = % f O(x,t)¢, (x)dx . This equation can be solved using the integrating factor
0

method learned by students in undergraduate differential equations and substituted back into the
eigenfunctions expansion (equation 8) to obtain an equation for 7'(x,?). Using Fubini’s Theorem

7 to switch the order of summation and integration, the students can arrive at the equation for
T(x,t) shown on the right hand side of Figure 3. The Green’s function can be identified to

simplify this equation to the following formal solution to the nonhomogeneous heat equation:
L L t
T(x,) = [ 8(x)G(x,15 %01y )dxy + [ [ GOx,t5x0,1,)Q(xo, 1, )ty d, , (1)
0 00

where G(x,t;x,,t,) is defined in Figure 3.

Summary and Concluding Remarks

Here we have briefly outlined a systematic approach to apply the Green’s function
method to solve the nonhomogeneous heat equation. We believe this contribution can help
engineering students who are working in mathematical modeling gain a more fundamental
understanding of their system through the process of obtaining an analytical solution, described
here. Just by using the method illustrated in Figures 2 and 3 students (learners) can implement
this to their particular problem, since this builds directly upon the skills (separation of variables)
they gain in an introductory partial differential equations course. In a future contribution, we will
expand upon this to include a more in depth analysis of this method applied to a biomedical
application.
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