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Reynolds Transport Theorem Applied to Classical

Thermodynamics
David Calamas®, Alan Hewitt?, John Baker®, Beth Todd *

Abstract — The Reynolds Transport Theorem is often used in undergraduate fluid mechanics courses to transform
governing equations from a Lagrangian to an Eulerian coordinate system. As such, it is a useful tool for developing
control-volume based expressions for the momentum and conservation of mass equations. Traditional
undergraduate thermodynamic texts present the laws of thermodynamics for open systems in a manner that does not
directly link them to the original expressions for a closed system. This paper is intended to further student
appreciation of the direct connection between the statements of the First and Second Law of Thermodynamics for
closed systems and the corresponding statements for open systems. The goal of the paper is to present an alternative
approach to teaching thermodynamics that is more closely aligned to instructional methods in fluid mechanics
courses.
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arbitrary extensive property
arbitrary intensive property
control system
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v specific volume
p density

OPEN AND CLOSED SYSTEMS: A TRADITIONAL APPROACH

Traditional undergraduate thermodynamic texts do not typically utilize the Reynolds Transport Theorem in the
derivation of equations governing open systems. Three recent undergraduate level thermodynamic texts have been
reviewed to form an opinion on the traditional approach to closed and open systems [1-3]. The concept of open
systems, and subsequently control volumes, is traditionally introduced with the First Law. Mathematically, the First
Law of Thermodynamics is expressed as

. . DE

5Q — W = — 1)
where §Q is the differential time rate of change of heat transfer across system boundaries, §W is the differential
time rate of change of work across system boundaries, and E is the energy contained within the system. It should be
noted the total energy contained within the system will be limited to contributions from internal, kinetic, and
potential energies. In the above definition, the term system refers to a fixed mass that is moving through space. As
such, the derivative appearing on the right hand side of the equation is a Lagrangian reference frame derivative. The
introduction of open systems traditionally precedes the First Law analysis of closed systems. By definition, a closed
system is defined as a system where energy transfer across system boundaries is possible but where no mass transfer
may occur across the boundaries of the system. Classical examples of closed systems include piston-cylinder
devices and sealed rigid tanks. For a closed system we are interested in a control mass as it moves through space.
For steady-state processes, the First Law of Thermodynamics may be recast as

Q—-W =AE 2

where AE is the change in total energy for the system from the initial state to the final state. Defining a stationary
system as one with negligible potential and kinetic energy changes further simplifies the First Law of
Thermodynamics as

Q-W =AU ?)

where AU is the change in the total internal energy for the system from the initial to the final state. An open system
is defined as a system where both energy and mass can be transferred across system boundaries. Classical examples
of open systems include turbines, compressors, and heat exchangers. For an open system we are interested in a
control volume which may be exchanging mass with the surroundings. Most thermodynamics text books apply an
energy balance to a control volume to develop the following form of the First Law of Thermodynamics for open
systems

8Q = 6W + X8 — oye 1 = 5 @)

While an energy balance applied to a control volume may provide the student with a “physical” appreciation of the
transfer of energy and mass across the boundaries of the open system, it does not automatically lead to a
fundamental appreciation of the difference between Eulerian and Lagrangian reference frames. As with Newton’s
Second Law of Motion, the First Law of Thermodynamics is written for a fixed mass, i.e. a control mass. In a
typical undergraduate fluid mechanics course, the Reynolds Transport Theorem is used to develop expressions for
Newton’s Second Law of Motion in Eulerian reference frames, i.e. with respect to a control volume exchanging
matter with its surroundings. The same approach can be taken with respect to developing expressions for the First
and Second Laws of Thermodynamics for control volumes.

REYNOLDS TRANSPORT THEOREM: FLUID MECHANICS

The concept of open system analysis as presented in the reviewed thermodynamics texts [1-3] will be compared to
open system analysis as presented in several undergraduate fluid mechanics texts [4-6]. There is a fundamental
difference in the introduction of open system analysis between the reviewed thermodynamics and fluid mechanics
texts. The reviewed fluid mechanics texts do not incorporate the First Law of Thermodynamics in the introduction
of open systems. The concept of open systems is presented in a more thorough and detailed manner in undergraduate
fluid mechanics texts as it is introduced in the derivation of Reynolds Transport Theorem. Unfortunately, the
Reynolds Transport Theorem is not widely used for developing statements of the First and Second Laws of
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Thermodynamics for open systems in traditional undergraduate thermodynamics texts. Similarly, unlike the
thermodynamics texts, mathematical details are not spared in the fluid mechanics texts. While mathematically
rigorous, the use of Reynolds Transport Theorem has the potential to help students physically and conceptually
relate closed and open systems. Anecdotal evidence suggests that undergraduate mechanical engineering students
often do not fully appreciate that there is a direct connection between the statement of the First Law of
Thermodynamics for a closed system and the corresponding statement for an open system. The aforementioned
Reynolds Transport Theorem as presented in the reviewed fluid mechanics texts [4-6] is

2 = 2 IS,y bpdV + db. bpv - dA 5)
The left side of Eq. 5 is the Lagrangian form and represents the rate of change of the arbitrary property, b, of the
system. The right side is the Eulerian form and represents the change of the arbitrary property in the control volume
and the flux of the property through the control surface.

REYNOLDS TRANSPORT THEOREM: APPLIED TO FIRST LAW OF THERMODYNAMICS

The Reynolds Transport Theorem can be applied to properties to derive open system formulations. It will be
demonstrated that Reynolds Transport Theorem can be applied to the closed form of the First Law of
Thermodynamics to yield the open system form of the First Law of Thermodynamics. The First Law for a closed
system is

50 — W == (6)
The energy, an extensive property, contained within a system is

E=U+m§+mgz U]
The specific energy or energy per unit mass, of a system is

e=u+ % + gz (8)

Equating the total energy of the system, E, with the extensive property, B, and the specific energy of the system, e,
with the intensive property, b, yields the following when substituted into the Reynolds Transport Theorem

DE a - -
= = 5: ey epdV + ff.cepv - dA 9)
The First Law of Thermodynamics how may be written as
. . 9 N -
6Q =W =—[[f., epdV + ff, cep? - dA (10)
and for a homogeneous material as
. H depV - e
50 — W = a‘; + b epv - dA (11)

The integral represent the net flux rate of the extensive property, in this case energy, through the control surface.
Assuming uniform flow, i.e. the properties across a given cross sectional area are uniform; the above equation may
be rewritten as

8Q ~ 6W = 52+ Souc cpvA = Sin epvA (12)
using the definition of the mass flow rate
m = pvA (13)
yields
5Q — 8W + Yynrhe — Toyethe = 2 (14)

at
By distinguishing flow work from other types of work the First Law of Thermodynamics may be written as
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6Q —6W — 6Wflow + Xinmhe — Yoy e = at (15)
Flow work is the work required to move mass in and/or out of the system and may be written as
Wriow = PV (16)
and thus
SWriow = MOWs1oy = 1E(P - V) = (1PV) e — (HPV)i 1
Equation 15 can now be written as
. ; ; . , ; ]
8Q — SW + (iPV) iy — (MPV) gy + Tin1he — Toye The = 5 (18)
or,
. . 2 2
6Q —5W+Zinm(Pv+u+%+gz) —Zoutrh(Pv+u+v7+gz) =Z—f (19)
Using the definition of enthalpy
h=u+Pv (20)
and the definition of methalpy
0 =h+m% +mgz @1)

Results in the First Law of Thermodynamics for an open system
50 — SW + Sinh — Toue 1 = 2 (22)

dt

The steps in this derivation show that the Reynolds Transport Theorem can be successfully used to represent the
First Law of Thermodynamics for an open system.

REYNOLDS TRANSPORT THEOREM: APPLIED TO THE ENTROPY EQUATION

As with the First Law, it will be demonstrated that Reynolds Transport Theorem can be applied to yield the open
system form of the Second Law of Thermodynamics. The Second Law of Thermodynamics defines two
thermodynamic properties, absolute temperature and entropy. These properties are related by the Clasius inequality

DS _ 8Q
e = - (23)
The integral form of which is found through the application of Reynolds Transport Theorem
a - re —Q
> Wy spdV + 8. spv - dA > g (T) ds (24)

In accordance with the increase of entropy principle an entropy generation term, Sge,, will be introduced into Eq. 24
to remove the inequality. Therefore, the Second Law of Thermodynamics may be written as

ad N > -0 .
2 [y spaV + b spv - dA = . (2) dA + Sen (25)
and for a homogeneous material as

dspV > > ) .
2t ffspv- dA = 6 () dA + Syen (26)

Assuming uniform properties across a given cross sectional area and uniform heat addition over the control surface;
the above equation may be rewritten as

as Q .
E + Zout SPUA - Zin SPUA = - Z (;) + Sgen (27)

Using the definition of the mass flow rate becomes
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as . . Q .
% + Zout ms — Zin ms=—% (F) + Sgen (28)

or

as

% (29)

Q ; . .
2 (F) + XinMS — Loy Ms + Sgen =
The steps in this derivation show that the Reynolds Transport Theorem can, like the First Law, be successfully used
to represent the Second Law of Thermodynamics for an open system.

CONCLUSIONS

The Reynolds Transport Theorem, while mathematically rigorous, easily shows the relationship between closed and
open systems in thermodynamics as shown previously in this work. The use of the Reynolds Transport Theorem as
applied to the First and Second Law of Thermodynamics in undergraduate thermodynamics would help to unify the
use of Reynolds Transport Theorem as applied to the continuity and momentum equations in fluid mechanics.
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